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It is shown that M-ideals in a Banach algebra with identity are subalgebras, 
and that they are ideals if the algebra is commutative. Counterexamples 
demonstrate that these are the strongest results available. The theory is then 
applied to familiar classes of Banach spaces. 
1. INTRODUCTION 
A closed subspace N of a real Banach space X is said to be an L-ideal if there 
exists a closed subspace N’ so that X = N @ N’, and if p and 9 are respectively 
elements of N and N’ then 
llP+gil = ilPll l-l/9!!. 
A closed subspace J of a real Banach space X is said to be an M-ideal if JL is 
an L-ideal in X*, while J is said to be an M-summand if there exists a closed 
subspace J’ so that X =: J @ J’ and the equation 
// r + s 1: = max(!l r 11, /I s II) 
is satisfied by any elements I E f  and s E J’. M-summands are M-ideals though 
the reverse need not be true. These ideas can be extended in a natural way to 
complex Banach spaces by taking the real restriction, and it is shown in [13] 
that an M- or L-ideal is a complex linear subspace. 
Since the introduction of these concepts in [2], several authors have approached 
the problem of identifying the M-ideals in concrete examples (see [l 11, [13]). 
Characterizations for the case of function algebras have been obtained, and it 
appears that these successes stem from the fact that such algebras are embedded 
in commutative Cf-algebras with identity, the theory of which is very extensive. 
The object of this paper is to investigate the M-ideal structure of a general 
complex Banach algebra with identity, and it is clear that this tool is no longer 
available. 
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It is known that the M-ideals in the self-adjoint part of a P-algebra A are 
exactly the self-adjoint parts of the closed two-sided ideals (indeed, this motivated 
the definition in the general case). These in turn correspond to the self-adjoint 
semi-continuous central projections in the W*-algebra A**, and to the closed 
split faces in the state space of A, [1] [2] [lo] [16]. This last geometrical fact 
motivates the approach taken here in terms of the state space. 
After some technical preliminaries the main results are stated in Section 3. 
There it is proved that M-ideals are necessarily subalgebras, and are ideals when 
the Banach algebra is commutative. 
Counterexamples are provided in Section 4 to more ambitious conjectures 
about M-ideals, while Section 5 deals with applications to the theory of C*- 
algebras. The final section is devoted to the study of the Banach algebras 
B(E,) for 1 -( p < co, and an open problem arising from the work of Hennefeld 
1121 is settled. 
2. PRELIMINARIES 
Let A denote a complex Banach algebra with identity element e. It is 
assumed throughout that (1 e j( = 1, and that elements of A obey the inequality 
11 ab // < jl a 11 11 b Il. The state space S is defined to be 
where A* denotes the dual of A. It is shown in [17] that i3* is algebraically 
spanned by S; i.e. each (b E A* has a decomposition 
with 01~ E W and 4i E S, i -= 1, 2, 3,4. For a E &-I define :I (I ,i,) =- sup(l +(a)\ 
+ E S}. The following result is proved in [18]. 
LEMMA 2.1. ;I ;I0 is n norm on .4 equivalent to the original algebra norm. 
Let N and N’ be complementary L-ideals in A* and denote by F and F’ the 
sets N n S and N’ n S respectively. Denote by P the projection of A” onto N. 
LEMMA 2.2. F and F’ are a pair of complementary split faces of S, and N 
and N’ are algebraically spanned by F and F’ respectively. 
Proof. Suppose $ E S. Then 
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with P$ E N and (I - P)+ r~ N’. To avoid trivialities suppose that both elements 
are non-zero. Then, from the definition of L-ideal, 
Let $r = ]j P+ 11-l P4 E N and +2 = /I(1 - P)+ il-r(I - P)+ E N’. Then $ has 
the convex decomposition 
Evaluation at e gives 
and the strict convexity of the unit disc in R2 yields 
Me) = 4&) = 1. 
Hence +i and #a are elements of S and thus S = conv(F u F’). That each 
element of S has a unique decomposition of the above type is a consequence 
of the fact that A* = N @ N’. 
It remains to show that F and F’ are faces of S. To this end consider + E F 
with decomposition $ = $5, + (1 - X)4, , h E (0, l), $r , +a E S. Then 
4 = Wl + (1 - A) P& 
and so // P+, 11 = jl P& Ij = 1. From above //(I - P)& Ij = li(I- P)& Ij = 0 
and hence $r , & E N. Thus $r , +a E F and F is a face. A similar argument holds 
for F’. 
The last part of the iemma folIows easily from the facts that S algebraically 
spans A* and that S = conv(F u F’). 
An element h E A is said to be hermitian if Ij eiAh jj = 1 for all h E R, and in 
view of the equation 
eiAhe-iAh = e 
this definition is equivalent to the requirement that // eilh /I < 1 for all h E R. 
It is known [3] that h is hermitian if and only if 
{c$(h):+ES}CR. 
It is now clear that the definition generalizes that of a self-adjoint element in 
a C*-algebra with identity. 
Finally B(X) will denote the algebra of bounded operators on a Banach 
space X. 
5W27/3-5 
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For the theory of Banach algebras and state spaces the reader is referred to 
the books of Bonsall and Duncan [3], [4], [5]. 
3. THE MAIN THEOREMS 
Let A be a Banach algebra with identity and let Jr, /s be complementary 
non-trivial Al-summands in A. Denote by P the projection of A onto Jr. 
Let Ni = Ii’ and Fi = Ni n S, i = 1,2. Then by Lemma 2.2 Fl and F, are 
complementary split faces of 5’. Denote by z the element Pe E II . 
PROPOSITION 3.1. z is an hermitian projection in A. 
Proof. Viewing z as a continuous affine function on S, it is clear that 
z(F,) = 0, z(F,) = 1. 
By Lemma 2.2 
x(S) = [O, I] c Iw 
and so z is hermitian. The same argument shows that e - z is hermitian. 
Notice that 11 z/j = /I e - z I/ = 1. 
It is shown in [7] that if h is an hermitian element and if 4 E S satisfies 
1 =ll~ll =#49 =4(h) =!lh ! 
then 4 acts multiplicatively on the subalgebra generated by h and e. 
Consider + E F, . Then 
1 = II d II = #+9 = +(4 = II z 
and hence by the above 
+?) = (yqz))” = 1 = #z). 
Similarly for # E Fl 
#((e - 27)“) = ($(e - z))” = 1 
which implies that 
$b(z”) = a&z) = 0. 
It follows from Lemma 2.2 that z and z2 are equal on S. Hence by Lemma 2.1 
z = 9, and the proposition is proved. 
Let P, : A + A be defined for a E A by 
P,a = za. 
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LEMMA 3.2. P and P, are commuting projections. 
Proof. Suppose + E F, and m E Jz . Denote by 4, the element of A* defined 
for a E A by 
d&4 =I #4- 
Then, since 
it follows that & E S. Moreover the relations 
&(2) = gz”) =~= #z) = 1 
imply that q$ E F, . Hence 
$(d = Mm) = 0 
since m E Jz . Thus by Lemma 2.2 zm E J2 . 
A similar argument shows that (e - z) Jl C J1 . Thus z Ji C Ji for i = 1, 2. 
Now if m E Jr then 
PP,m = P(zm) = zm = zPm = PzPm 
while if n E Jz 
PPzn = P(zn) = 0 = zPn = P,Pn. 
Thus P and P, commute on Jl and Jz and hence on A. 
Remark 3.3. Clearly a similar result holds for the operator defined by 
right multiplication by z or e - z. 
The way has now been prepared for the main results. 
THEOREM 3.4. Let J1 and Jz be complementary M-summands in A. Then 
Jl and Jz are subazgebras of A. Moreover xAz C J1 and (e - z) A(e - x) C J2 . 
Proof. Let m and n be elements of Jz such that j/ m /I = I/ n /I = 1. To derive 
a contradiction suppose that mn has decomposition 
where j, E Ji , i = 1,2, and jr # 0. Then, since I E Ji , the elements z + m, 
B + e% both have unit norm for any 0 E [w. It follows that 
Thus 
ll(x + m)(z + @n)lI < 1. 
112 + mz + eie 23 + ei”j, + e@jz /I < 1. 
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By assumption jl f  0 so by Lemma 2.2 there exists d, E FT so that +(jl) + 0. 
NOW choose 0 so that 
eq(jJ > 0. 
As a consequence of Lemma 3.2 and Remark 3.3 mz and zn are elements 
of ]? . Thus 
n’ow the relations 
d(m.2 + eis zn + eisj2) = 0. 
and 
yield the desired contradiction. Hence Jz is an algebra, and a similar argument 
leads to the same conclusion for J1 . 
It has already been shown that xJiz C Ji for i = 1, 2. Thus to conclude that 
sA.z C j1 it suffices to prove that zJzx == 0. To this end suppose that there 
exists m E Jz such that jl zmz /I = 1. 
Consider the element eis zmz + z where 0 E [w. Since .z E J1 it follows that 
/I eie zmz + z j/ = 1. Hence 
which leads to 
ll(eie zmz + ,z)” Ij .< 1 
I/ e2’8(zmz)2 + 2eie xmx + z jj < 1. 
Choose + E N1 of unit norm so that $(zm,z) = 1. Then 4(z) 
j eieq5((zmx)“) + 2 I < 1. 
Since 
j!(zmz)z /I < Ij zmz II2 = 1 
it follows that for all 0 E [w 
eie$((zmz)2) = -1. 
0 and hence 
This is clearly impossible, and this contradiction forces the conclusion that 
zAz C Jl . The same technique yields (e - z) A(e - x) C J2, and the proof 
is complete. 
It will be shown by examples that this is the best possible result in general. 
However the preceding theorem can be strengthened in the special case of a 
commutative algebra. 
THEOREM 3.5. Let J1 and J2 be complementary M-summands in a commutative 
Banach algebra A with identity e. Then Jl and Jz are closed two-sided ideals. 
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Proof. The proof of Theorem 3.4. shows that zJzz = 0 and 
(e - 2) Jl(e - z) = 0. Since A is commutative these equations become 
z Jz = J2.z = 0 and (e - x) J1 = Jl(e - z) = 0. Hence P = P, and so 
Jl = zA = Ax, Jz = (e - z)A = A(e - 2). 
Thus J1 and Jz are closed two-sided ideals in A. 
It is now possible to discuss the general case of an M-ideal. 
THEOREM 3.6. Let J be an &f-ideal in a Banach algebra A with identity e. 
Then J is an algebra. 
Proof. A**, when endowed with the Arens multiplication [5], is a Banach 
algebra with identity e. The canonical embedding of A in A** is an isometric 
homomorphism. Moreover J** is naturally embedded in A**, and is then an 
M-summand (see [2]). By Theorem 3.4 M** is an algebra in A**. Regarding A 
as embedded in A**, it follows that J = A n M** and is thus an algebra. 
This concludes the proof. 
Before the situation for a commutative Banach algebra A can be discussed, 
an elementary fact about the Arens multiplication in A** is needed. Unfor- 
tunately the authors have been unable to provide a reference. In the following z 
will denote the natural embedding in A** of an element a in A, while S will 
denote the embedding in A** of any subset S of ,4. 
LEMMA 3.1, Let x be an element of a commutative Banach algebra A. Then I 
commutes with every element of A**. 
Proof. I f  4 E A* and a E A then the element do E =1* is defined for b E -4 bj- 
46o@) = #W. 
If$E,4* and GEM ** then G+ E il* is defined for a E -4 by 
(GM4 = W#d 
This in turn yields the Arens multiplication in li** defined for $ E A* by 
It is trivial to verify that for elements a, c E ‘4, no = Z. 
Sow if s E *4 then for a E A, 4 E A*, 
(.%$)(a) = X(&) = f$(ax) =: +(.xa) == +s(a) 
by the commutativity of A, and consequently .$ == &. Thus for GE --I”* 
(Gz)# = G(a#) =: G(&.) 
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while 
(-W(4) = 4W = (WC4 = WM. 
Hence %G = G% and the lemma is proved, 
THEOREM 3.8. Let J be an AI-ideal in a commutative Banach algebra A with 
identity e. Then J z’s a closed two-sided ideal. 
Proof. J” is an M-summand in A * * and / = J’” n ,$. (e-z) Jil(e-z) = 0 
and thus by Lemma 3.7 
Hence if a E A and m E J then 
and thus i~ifi E J by Theorem 3.4. This shows that J is a left-sided ideal in A, 
and the full result follows from the commutativity of A. 
Remark 3.9. The situation for a Banach algebra without identity is less 
clear. The techniques employed here depend crucially on the existence of an 
identity in A . ** However the results in [5, p. 1461 clearly indicate that this is 
not always true. 
Remark 3.10. The question of characterizing the M-ideals, even in the 
commutative case, remains an open and apparently difficult problem. See [13] 
for a discussion of the function algebra case. 
4. EXAMPLES 
By analogy with the C*-algebra theory discussed in the introduction it 
might be expected that the M-ideals are two-sided ideals in A. However this 
is not the case. The authors are indebted to P. 1%‘. Smith for the following 
example. 
EXAMPLE 4.1. Let A be the Banach algebra of 2 x 2 matrices with the 
usual multiplication and norm defined by 
Let Jl and J2 be respectively the sets of elements of the form 
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Then it is easily verified that Jt and Ja are complementary M-summands in A. 
However the equation 
shows that J1 is not closed under multiplication from the right, though both 
M-summands are easily shown to be left ideals. 
The conjecture that the M-ideals must be either left or right ideals is refuted 
by the following modification of the preceding example. 
EXAMPLE 4.2. Let A be the Banach algebra defined in Example 4.1. Let B 
be the Banach algebra A x A with multiplication defined for a, b, c, d E A by 
(a, b)(c, 4 = (UC, W, 
and norm defined by 
lIta, 4 = m4l a II, II b II>. 
Let JI and Jz denote respectively the sets of elements of the form 
and 
Then Jr and Jz are complementary M-summands. However the equations 
and 
show that neither M-summand is either a left or right ideal. 
Theorem 3.4 breaks down for algebras which fail to satisfy the characteristic 
inequality j/ ab 11 < 11 a jl 11 b /I of B anach algebras. The authors are grateful to 
G. D. Allen for the following example. 
EXAMPLE 4.3. Let A be the algebra of 3 x 3 matrices with the usual 
multiplication and norm defined as the maximum value of the absolute values 
of the entries. If a, b E A then /j ub 11 < 3 I/ a 11 II b I/ and no smaller constant 
will suffice. Let J be the set of elements of the form 
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Then J is an M-summand. However the equation 
shows that J is not an algebra. 
5. C*-ALGEBRAS 
The object of this section is to show how the results and techniques of the 
previous work may be applied to obtain known facts about C*-algebras. 
Let A be a C*-algebra (not necessarily with identity) and let J be a compkx 
M-ideal in A. Then there exists a closed subspace N of A* such that N and JL 
are complementary L-ideals. Set J1 = Jl” and Jz = Nl. Then Ji and Jz are 
w*-closed complementary M-summands in A **. In what follows, the notation 
of Section 3 will be employed. 
PROPOSITION 5.1. J is a closed two-sided ideal in A. 
Proof. Since z is an hermitian element (Proposition 3.1) it follows that z is a 
self-adjoint element of i2** in this special case [16]. Suppose m E J? has unit 
norm. Then for 0 E [w 
Now the technique of Theorem 3.4 implies that m* E Jz . A similar argument 
applies to J1 and hence both M-summands are closed under the involution. 
By Theorem 3.4 J1 and Jz are subalgebras of A** and hence are IV*-algebras. 
Thus J1 and Jz possess identity elements dl and d2 respectively [16, p. 141. 
By Theorem 3.4 
(e - 2) dl(e - z) :- (e - z)d, = dl(e -- z) = 0 
and hence dl =y z. Similarly d, = e - z. It follows that J1 and Jz are two-sided 
ideals in A**. Regarding A as embedded in A**, J = A n J1 and is thus a 
two-sided ideal in A. 
PROPOSITION 5.2. Let J be a closed two-sided ideal in A. Then J is an M-ideal. 
Proof. J’” is a w*-closed ideal in A** and hence has the form A**z for 
some central projection .z E A ** [16]. Let B be the algebra A**x x A**(e - x). 
Then, with the natural operations and norm defined for a E A**z, b E A**(e-Z) 
bv 
Ifa, b)ll = max(ll a II, Ii b III, 
M-IDEAL STRUCTURE 347 
B is a C*-algebra with identity (x, e - 2). Define dj: A** + B for a E A** by 
Q(u) = (az, a(e - x)). 
Then Sp is a F-isomorphism and hence is isometric by Proposition 4.67 of 
[9]. Thus 
and so JL’ and A**(e - z) are complementary M-summands in A**. It 
follows that JL is an L-ideal in A *, [8], and so by definition J is an M-ideal in ,4. 
THEOREM 5.3. The M-ideals in a P-algebra A are exactly the closed two-sided 
ideals. 
Remark 5.4. The authors are not aware of a proof of the preceding theorem 
in the literature, although the result is mentioned in [Ill. 
6. THE BANACH ALGEBRAS B(Z,,) 
This section is concerned with the special case of the two-sided ideal of 
compact operators, hereafter denoted by C(X), in the complex Banach algebra 
B(X). In particular, attention will be focused on B(Z,), 1 <p < 00. 
It is a well-known fact that for the C*-algebra B(H), Ha complex, separable, 
infinite dimensional Hilbert space, the closed two-sided ideal C(H) is the only 
M-ideal in B(H). However, an example of Holmes and Kripke shows that there 
is a Banach space X,, for which C(X,) is antiproximinal in B(X,) (cf. [ 141). This 
in turn implies that C(X,) is not an M-ideal in B(X,,) (cf. [I 51). The question of 
characterizing those Banach spaces X for which C(X) is an M-ideal in B(X) 
seems to be extremely difficult. Interest in this problem arises from the fact 
that certain best approximation and numerical range results can be obtained 
from the M-ideal structure of the compact operators (cf. [15] and [6]). In [12], 
Hennefeld established that C(Z,) is an M-ideal in B(Z,), 1 < p < co. His 
method of proof failed to yield information in the cases p == 1 and p = CO 
since the spaces Zr and Z, do not possess shrinking Schauder bases. The next 
theorem will show that indeed those are the only spaces for which C(Z,) is an 
M-ideal in B(Z,). But first the following definition is needed. 
DEFINITION 6.1. A closed subspace J C X is said to satisfy the n-ball 
property if for any xi E X, i = I,..., n, such that 
i = l,..., n 
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and 
int 6 B(xi , ri) # z 
i=l 
then 
int fi B(x, , li) r\ J + 3. 
i=l ) 
It was shown in [2] that a closed subspace JC X is an (real) M-ideal in X if 
and only if J satisfies the 3-ball property. 
THEOREM 6.2. C(1,) is an M-ideal in B(1,) if and only if 1 < p < co. 
Proof. By Hennefeld’s result it suffices to show that C(Z,) is not an M-ideal 
in B(1,), p = 1 or co. The case p = 1 is treated first. The method will be to 
show that B(1,) does not even possess the 2-ball property. 
Now it is well known (cf. [19]) that for an operator (aii)& = A E B(l,) 
(4 II A II = supi ZL I aij I 
(b) C E B(I,) is compact if and only if lim,,, supi XT=“=, ; cij = 0. 
It is easily verified that for A E B(1,) the distance of A from C(Z,), denoted by 
d(A, C(Z,)), is equal to lim,,, supj CTzn / aij i. Let S be the identity operator 
on li and let 
T= 
l/4 l/4 l/4 ... l/4 ... 
314 l/4 0 ..’ 0 ... 
0 3/4 l/4 ... 0 ... . 
0 :. : 
. . . 
. 
. . . ‘114 
0 0 
‘3:4 
. . 
Using the above formulae it is easily seen that d(S, C(1,)) = d( T, C(1,)) -= 1 and 
l/S- Tl/ =7/4so 
int(B(S, 1) n B(T, 1)) j :: 
Since for any compact K, lim,,, supj CTzn / kii ~= 0, it is easily seen that 
for any best approximant (cij)zj=i = C to T, lim,,, j cij ~ L l/4. But this 
leads to the conclusion that /I S - C, 1’ > 5j4, i.e., C is not a best approximant 
to s. 
In the case p 7. co, consider the matrices S* and T”, the respective adjoints 
of the operators S and T used above. It is well known that the adjoints are 
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given by the conjugate transposes of the given matrices acting on elements in I, . 
For any R E B(Z,) which possesses a matrix representation (Y~~)~,,~ , 
Although the compact operators may not have such representations [19, p. 2201 
it can still be shown by arguments analogous to those above that B(I,) fails to 
satisfy the 2-ball property and hence C(I,) is not an M-ideal in B(a). 
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